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1 Proof of Theorem 1 (b)

Similar with the proof of part (a), based on the initial relative capacity prior depreciation,

we partition the entire relative capacity space R? into 4 regions as figure A.1 indicates:

Si o= (KK < i=1,2}

Sy = {KOIKQ > mta) =1 2}

Sz = {K°|kY < B3}\(S1 U Sp)
Sy = {KOIk] > k3I\(S1 U Se)
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Figure A.1: The partition of relative capacity space when = < “ (164;9)
We propose an investment strategy combination 7; when p < 2 < ”(19—;"), formally described
as follows
k* — 5]4}1 k?l S Sl
yi(k) = max{p(k) — k;;0}  k; € S;
0 otherwise
where

Bm — (1 —Bo)k](1+ g)
3Bo(1+g—0g)

and (k) is a function to be defined later. Because of symmetry, it is enough to check if the

o

strategy 7 is optimal for firm 1 when firm 2 follows strategy 7,. To lighten up the notation,
in what follows we shall write v1(k) to refer to vi(k|y*), the present value of net revenues
earned by firm 1 if strategy ¥ is followed by both players upon initial condition k. We
define BRy(k1) = 3% — %, BRy(ky) = % — ’“—21 when k; < ky and define BR; (ky), BR,(k»)

accordingly when £k > ko.



1.1 Region 5

Suppose the initial relative capacities are such that 6k) < k* and firm 1’s capacity at the
beginning of the next period after investment is k; = 0k? + ;. According to strategy 7, firm

2’s decision is to achieve a relative capacity level of £*. So firm 1’s objective function is

k1 k*
1+g' 1+4yg

max{ R} (K}, ky) — (k1 = 6k + G101+ g)or (37— )+ (1= 0)oa(ky, K7)]}

The derivative D(k;) of the objective function above with respect to k is:

(9111

(]{31 k* (91]1

D(ky) = —k + BO(1 + g) 22 o)+ A =05 (k) (8.2.1)

If firm 1 chooses a target capacity investment level k; < %,

v (ky, k) = Ri(ki, k*) — (k* — 6k1)k + C(K*)
lfl k’* lﬁ ]C* 6k1

—\—) = Ri(—— —) - (k" —
1+g 1-1—9) 1(1+g 1+g) ( 1+g

Ul(

)k + C(k")

where C(k*) = B[0(1 + g)vi (&= (1 — O)vy(k*, k*)] is a constant only related to the

1+g7 1+g)

capacity level in equilibrium £*. Thus,

81}1 8R*

o 1 *
8]{71 (kl, k* ) = 8]{71 (kl,]ﬂ )+ Ok
U1 1 ) _ 8R1( k/’l ’ k )+ ) o
Ok 14+¢ 1+g Ok1 " 14+g 149" 1+yg

Substituting in (8.2.1) we obtain the following expression for the derivative:

OR: kK" OR:
1—4

(1= B0+ B0l — o(=2 4 KL B = 0) i — o2k + )]

1+9g 1+4g

D(ky) = —(1—-p80)k+ 66(1+g)

(kla k*)




Note that

o ORy, ki K R, .
— —(1—65)li+66’(m—013i*g)+5(1—0)(m—03k*)
— Bm—(1— B8k — 3ﬁak*<%_geg) =0

pm — (1 —B6)k|(1 +g)

]
= = T g — 6g)

We have that D(k;) > D(k*) when ki < k* and D(k;) < D(k*) for all k* < ky < £

If the initial relative capacities satisfy kY € S; N {kY|k* < §k9 < k*(1+ g) and ko > k1 }, and
firm 1 chooses a target capacity investment level k;, we have
vi(k1, 6k9) = Ri(ki,0ky) — (k* — 0k1)k + O (k%)

k Ok9 k okY ok
) = R )~ (-
1+g9g 1+4+g 1+9g 1+g 14+g

vy ( )k + C(E")

Similar to (8.2.1), the first order condition of firm 1’s objective is:

OR:, ki 6K Sk OR;

_ o 0
Dlk) = —w+ B0+ 9) (o ) + 1)+ A= O (hn 549) + 6]
OR; ki OKS OR;
= (1= B8+ 000 + ) G ) B = 0) Gk, 6K

2k, ok
_|_
1+9g 1+4g

— —(1— B8k + BOlm — of ) + B(1 = 6)[m — o(2ks + 6kI))]

= 0

We get the investment target for firm 1 in this case

_ [Bm— (- Bo)k|(1+g) kY  3K* kY
T 280(l+g—069) @ 2 2 2

Fey ()
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If the initial relative capacities satisfy kY € Sy N {k?|k* < 0k < k*(1 + g) and ko < k1 }, and

firm 1 chooses a target capacity investment level k; slightly greater than §k?, we have

v(k1, ko (RY)) = Ri(ky, ko(K)) — (K* — 6ky)k + C(k*)

ky o ko(RD) ki ka(RD) 0k
—\ —) = Rj — (k" — C(k*
The derivative of firm 1’s objective is:
OR* k’l k’g(kfo) oK OR*
D - _ 1 1 1 1— i} 0
(k) = =+ 8001+ g) G (o=, 2L - 501 = ) (ks k(D)) + 0]

= —(1—pB0)k+ pl[m —o( 2k + by (k1)

)| + B(1 = 0)[m — o(2k1 + ka(kY))]

1+9g 1+g
Since ko (k) = 3= — @, the derivative becomes
2k Ko (K9
D(k) = —(1—p0)k+ B0[m — 0(1 —l—lg + fii)} + B(1 = 0)[m — o (2k: + ka(kY))]
B 14g—0g 3k okY
1+g—10g 30K 3k
< B (1= o) - o+ B0
< Bm—(1— By — 380k(19 =99y _ g

1+g¢g

So it is not profitable for firm 1 to invest in this case.

The similar analysis can be carried out for initial relative capacities in region kY € S; N
{KO1k*(1 + g)t < OKY < K*(1 + g)'™ and ky > ki1} and k? € S1 N {R|k*(1 + g)t < 0kY <
E*(1+g)t*" and ky < ky} where t =1,2,3, ...

Therefore, we conclude that for all the initial relative capacities (k?,%9) in region S, the
upper envelope of k;(kJ) and ky(k?) describes the optimal investment target for both firms.
If both kY and k9 are less than k*/4, they both invest to reach k* at the beginning of next
period; if both £? and k9 are greater than the corresponding level described by k;(k9) and
ko(k?), there will be no investment at all; for the other cases, only the firm with less relative

capacity will invest to a level of capacity decided by the initial capacity of the opponent firm.
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1.2 Region S,

If (K9, k9) € {kO]k? > ™49 j — 1 21 the relative capacities after depreciation will remain
at region IV no matter whether demand growth or not. We know the short term equilibrium

revenue 7] is a constant in region IV, so no firm has incentive to invest for this case.

1.3 Region S3

Since we already know the optimal investment strategy 7; in region S;, we can identifiy the
states trajectories starting from any initial relative capacities in region S;. Therefore, the
expected value v; (k) in region S; is known.

We divide region S; into a series of horizontal stripes I; = {k{|k{ € S5 and ££(1 + g)" <
Ok < (14 g)"*'} where t = 0,1,2, ... If (k{,k9) € I, we define firm 1’s investment target
as ©(k9) which is solely decided by the relative capacity level of firm 2. If firm 1 invests to

reach a relative capacity level k1, the derivative of the objective is:

D(k) = =+ 50(1 + ) 32

ke OkY
1+¢g' 1+g

)+ 501 = )52 0, 3K) (82.3)

Since there will be no investment in region Ss, firm 1’s investment level is bounded by w.
For a fixed 0k3, if there is only one locally optimal k;(that is D(k;) = 0), this k; must be the
optimal target of capacity investment for firm 1; If for example, D(k;) > 0 when k; < 3% and
D(k1) < 0 when k; > £%, the optimal level of investment for firm 1 will be line k; = %; If
there are more than one locally optimal level of k;, we must compare the value of objectives

corresponding to each targets levels in order to identify the real optimal level of investment

level of capacity for firm 1.

After we get firm 1’s investment target as ¢(k9) in region Iy, we are able to calculate the
expected value function of firm 1 v; (k) in this stripe. Then we can identify firm 1’s investment

target for (k?,k9) € I;. Firm 1’s optimal investment target (k9) for those stripes with low
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index numbers Iy, I, ...

maybe highly discontinous along k3, the reason for that is because

the short term revenue is only piecewise continous in the capacity space. Let’s examine ¢(k9)

for I; with relatively large index number.

If firm 1 invests to reach a relative capacity level k;, we have:

8k (]{71, ok ) 8]{1 (k1,5k2) + 0K
Oki'14¢g 1+yg Ok;1 ' 1+g’1+g" 1+g
The derivative of the objective is:
ORY ki OK9 OR;
D(ky)=—(1-386 o(1 ! 2 1-90 k1, OkY
(k) = =(1 = B0 + 01+ 0) G (= 1) + AL = ) 5 ks 08

Case 1: If (k;,0k9) € IT and (& ) € I1:, the derivative of the objective is:

1+g’1+g
Da(ki) = 28m — (1 = )k — fo(—— +1— )k
1(F1 =3 m KR o 1+g 1
Case 2: If (ky,0kY) € IV and(Hg,Hg)EH
1
Da(k1) = =fm — (1 — B)k — k
2( 1) 257” ( ﬁ)"‘f 50(1_'_9)1

Following the guidlines we just mentioned above, if there is only one local maximum, this
is the optimal target investment level; if Dy(k1) > 0 when k1 < 3= and Dy(k;) > 0 when
kl > %7 g[)(kg) =

©(k9) = £; and if there are two local maxima levels, we need to compare the expected value

2049 if Di(ky) > 0 when ky < 2 and Da(ky) < 0 when & >

30 ’
function explicitly.

1.4 Region S,

If the initial relative capacities (Y, k9) are in this region, firm 2 will invest to make its relative
capacity in the next period equal to ¢(k?). We are going to check if it is profitable for firm 1

to deviate by making a little investment in this region. Firm 1 will invest only if the relative
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5kY  o(K9)

capacities after depreciation and after demand growth (7 o Tre

) are in region I, otherwise
firm 1’s one period revenue is only decided by firm 2’s relative capacity. Similar with the
analysis for region S3, we divide region S; into a series of vertical stripes H; = {k0|k? € S,

and £ (14¢)" < 0k} < £(149)"*'} where t = 0,1,2, ... For the first stripe Ho, if (k, k3) € Ho

and firm 1 chooses a target level of investment k; < 3% we have:

ky @(k?)
149 1+4yg

vi(ky, o(k7)) = Ri(k1, (k) + BIO(1 + g)ur( )+ (1= (ke o (k)]

Thus,

2O 1) = Tt g s o)) + 5601+ 9

8Ul( ky So(k?)

)]

The derivative of the objective is:

501~ 0) Sk, o (K9) + 5001+ )

8111( ky 90(]??)
3k1 1—|—g’1—|—g

D(ky) = —k+ )] ((8.2.4))

1
1-5(1-9)

koK)
14+g’ 1+4g

If the relative capacities ( ) are above the upper envelope of ki (k) and ky(k?), firm

1 will not invest according to the optimal strategy 7; in region S;. So we have

duy , ki go(k?))< K
Oky'1+g' 1+g" 14y

The derivative in (8.2.4) becomes

OR;

1
_ - 1 — 0 :
Dlb) < =+ ot 900 = )50 k(49 + 50 ()
If the relative capacities (lleg, ﬁ(f?g)) are under the upper envelope of ki (k) and ko(k?), firm

1 will invest to k;(kJ) or k* according to the optimal strategy 7; in region S;. So we have

% k1 Sp(k?)

— aRI kl @(k?))_i_ 0 K
Oky ‘149" 149" 14g

)

The derivative in (8.2.4) becomes

OR; , k kY OR;
o 2 s -0 Sk @

D(ky) = —(1 = B8)k + B0(1 + g) Ok,




Case 1: If the relative capacities (ky, o(k9)) € IV and (1k—+197 %k(l;) € I: the derivative

in (i) is
D(ky) < —m+% ——(1-8)<0

Since it is true for firm 2 that

(1= B8 + B8lm — 1= (K + 2p(k)] = 0

l+g
Thus,
o) = LDy, (L= 000) 2
and the derivative in (i) becomes
D) = (1= 50)s+ 50[m — 1 (2hs + $())]
< 3l BBt g0 — o )
< 5[0 B8+ 0(m alif*g)] _0

Hence, it is not profitable for firm 1 to invest in this case.

e Case 2: If (ky,0k)) € III and (%, %) € I: the derivative in (i) is

D(lﬁ) < —fi—l—% = —(1 —

Since it is ture for firm 2 that:

~(L = B8) -+ 80l — 15— (26(0) + k) + B(1 = 6)5(m — 2rp(K) = 0

Thus,

(2 N (179{0(1+g) ) BOo

) = (o (20O UL 0) )



and

2k + (k) > 20k] + o(kY)

_ 2[3Bm(1+0) — (1 po)k|(1+ g) (1=0)A+9), 0
= 0o =2+ ———p——"lp(k1)
L 2Pm1+6) — (1= 881 +9)
BOo
> 3k*
Hence, the derivative in (ii) is
D) = =(1=G0)+ ol = (2 + o(K)
< S0 Bo)w + f(m - 0—1359)] _

and it is not profitable for firm 1 to invest in this case.

e Case 3: If (ky,0k)) € I and (lleg, %) € I: the analysis is the same as what we did in

region S.
So for any initial relative capacities (k¢, k3), there exists a MPE strategy 7, so that any

deviation from which is not profitable.

2 Uniqueness of y*

Consider the class of investment strategies, say 7(k), that prescribe investments g;(k) =
k; — 8k; whenever 0k; < k; and k, #+ ks. Suppose the initial capacity stock k° is such that
OK? < l%z Firm 7’s objective function is

ki k;

max{R; (k) — (k; — 3k7)r + BlO(L + g)oi( =

T35 T 7) + (1 — 0)vi( ki, k;| )]}

The (necessary) first order condition for equilibrium is for ¢ € {1, 2}:

OR: ki Ky

: OR:

Ok;

(1 - Bo)k = BO(1+ g) )+ B(1 — 0)——= (ki ky)
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Without loss of generality, it is enough to consider the condition where k; < l;:j. The marginal

profits are as follows:

e Region I:
OR* /7 7 7
o (ki kj) =m —o(2k; + k)
OR: (7. T 7 7
o (ki kj) =m — o(k; + 2k;)
e Region /1:
OR: 7 T m -
8/611- (k/’l, k’j) =3 Ok’l
OR* /7 T
o (Kiy kj) = 0
e Region IV:
OR: /7 7
oW ki kj) =0
OR* /7 7
8k]1- k’i,kj> =0

Note that best reply functions for firm ¢ and j are linear with different slopes when (k;, l;:J)

and (1 ot 1]19) € {I,IV}. So there can only exists a symmetric equilibrium in these cases. If
(lzrz,l;: ;) € 11 and (1+g’ 1Jrg) € I. The best reply of firm 7 is:

~(; 1+4+g.1 20 ~

kY = 0(1 1— B6)k — 1 - 0)k;

0 = 2156001 +9) = (1 = 80)x = fo (= + 1= O

The best reply of firm j is:

0" 20 2
The slope of firm #'s best reply equals
1+g, 20 (1+g)(1—90)
B (e R /) ) SRS A A Sk A
0 <1 +g + ) 0 -

which is steeper than firm j’s best reply. We check for an intersection of best reply maps

when (lzrz,l; ) € 1l and (1+g’ 1+g) € I. When k; = =, k; locates at the right boundary of this

region, the corresponding k:j from firm 4's best reply is

(1+g)pr

k(%)
J Oo

0o L (14g+0+50g) —
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The corresponding l%j from firm j’s best reply is

(1+9g)pr

Gy . m
kj (2+ 39) T

60

Hence, the difference is:

ORI O B N P VR € e )/
J J 690( tg +209) 200
Remember that we require = > ’)(10—;9) in Theorem 1, we get K < pgigg 5 Plug this relation
into the above expression, this leads to
O _F9 s (14— g4 20g) — 109
J J 690( +g +209) 200
m
= —(1 1—-60)>0
(14 g)1-0) >

Therefore, firm i’s best reply is always above firm j’s best reply, so these two best replies

will not intersect in this region. If ((k;, k;) € I1 and (1%9, lkjjg) € IT)or ((ki, k;) € IV and

(fj ot 1k_+Jg) € IT), we have that the right side of first order condition for equilibrium for firm

j is always equal to 0. This means firm j has no incentive to invest to these regions.
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