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ABSTRACT

The planning process of public and private companies re-
lies on optimal project selection and scheduling and the &f-
ficient alocation of scarce resources. This process is com-
plicated due in part to the fact that project investment must
consider multiple criteria, project cash flows are uncertain,
and there are severa operational business and technical
congtraints. The proposed mixed-integer programming
model assists the planning manager/analyst by choosing
from a bank of projects in which projects to invest and
when to invest. The model maximizes the sum of net pre-
sent values of the chosen projects while minimizing their
variance. The model satisfies simultaneously a set of
precedence relations among projects; early and tardy pro-
ject starting dates; exogenous budget limits; and endoge-
nous project cash flow generation. Finally, by quantifying
the opportunity cost, the model shows how arbitrary pro-
ject selection and sequencing can reflect non-desirable so-
[utions for the company and the society.

1 INTRODUCTION

The planning process for companies is complex due to the
great amount of investment projects, the interrelation be-
tween them (Vonortas and Hertzfeld, 1998; Childs, Ott,
and Triantis, 1998), the multiple criteria that can be rele-
vant when evaluating each alternative (Benjamin, 1985;
Ehie et. a 1990), and the constraints inherent to the corpo-
rate operation (resources, time, regulation, among others).
The mathematical models proposed in the project selection
literature facilitate the decision-making process avoiding
the use of subjective criteria that may generate certain
states susceptible of improvement or sub-optimal solutions
with harmful consequences for the company or the society.

Since the pioneer work of Lorie & Savage (1955), the
project selection problem has attracted several researchers.
Many techniques have been applied to the project selection
problem: linear programming (Benhard, 1969; Freeland
and Rosenblatt 1978; Myers, 1972), multiobjective linear
programming (Ringuest and Graves 1989; Ringuest and
Graves, 1990), integer programming (Beged-Dov, 1965),
goa programming (Benjamin 1985; Mukherjee and Bera,
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1995), and evolutionary agorithms (Medaglia, 2003)
among others.

Benli and Yavuz (2002) have addressed timing and
sequencing in project selection problems using zero-one
programming. Their model provides starting dates for the
projects, while maximizing the net present value (NPV).
Gupta, Kyparisis and Ip (1992) and Kyparisis, Gupta and
Ip (1995) use the same criteria in order to select and se-
guence projects.

Multiple criteria have been used to quantify the pro-
jects’ performance both in selection and sequencing prob-
lems. The most frequently used criteria are NPV (Gupta,
Kyparisis and Ip 1992; Kyparisis, Gupta and Ip, 1995;
Weingartner, 1967) and risk (Kangari and Boyer, 1981,
Orman and Duggan, 1999; Stone 1973). Severa research-
ers have handled risk using the traditional Markovitz met-
hodology (Markowitz, 1952).

To the best of our knowledge, the proposed model isa
novel addition to the existing project selection literature. It
combines the project selection and sequencing decisions,
while considering risk and profitability as optimization cri-
teria. The uncertainty present in the forecasts of the pro-
jects’ cash flows is the source of the NPV's variance. The
model provides an intertemporal risk diversification by in-
cluding NPV covariance terms for all projects and all start-
ing dates. The proposed model is an extension of our ex-
perience in one of Colombia’'s largest water and sewage
companies, where a deterministic model was successfully
designed and implemented (Medaglia et. al, 2005).

This article is divided into four sections. Section 2 de-
fines the portfolio’s expected return and variance when us-
ing forecasts. Section 3 contains the formulation of the
proposed mixed-integer programming model. In Section 4,
we provide computational experiments using a set of sam-
ple projects. In this Section, we also perform a sensitivity
analysis and show how to construct an efficient frontier.
We concludein Section 5.

2 PROFITABILITY AND RISK UNDER THE
FORECAST APPROACH

The portfolio’s profitability is measured by the net present
value (NPV). Let P be the set of investment projects to be
considered. Let T be the planning horizon (no investments
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are made after period T). Let y;; be a variable that takes the
value of 1 if the project i (il P) begins in the year t
(tl {0,1,...,T}); it takes the value of 0, otherwise. Let NPV;;
be the net present value of the project i given that it starts
in the year t of the planning horizon. Therefore, it is possi-
ble to express the portfolio’s NPV as follows:

N
NPV =8 & NPV, y,
il P t=0

When dealing with investment projects without his-
torical information (e.g., infrastructure projects), the NPV
for each project must be modeled according to the follow-
ing steps:

- Step 1 — Variable Identification: Variables that

can be related to the project’s cash flows must be
identified.

Step 2 . Variable Forecast: The identified vari-
ables are forecasted. The variance associated with
the forecast must be captured for each period.
Step 3 — Variable-Cash Flow linkage: Each pro-
ject’s cash flows must be built in accordance to
the forecasts found in Step 2.

Step 4 — Simulation: Using each forecast and its
variance we must simulate various realizations for
each variable. This step provides multiple realiza-
tions for the NPV, one for each starting date and
project. With these redlizations, it is possible to
calculate the NPV’s mean, variance, and covari-
ance.

L ets assume that t(i) is the starting date of project il P.
Even though t(i) is a decision to be determined, we assume
that it is known to illustrate a set of important definitions
used from this point on. Let b be the discount factor. Let v,
be the length or lifespan of the project il P, meaning the
number of periods included between the first investment
and the last positive cash flow (project’s return). Let F(?)
be the cash flow for the project i in period tl {0,1,...,T},
which is affected by the random component ? present in
the forecast. The NPV for the project i starting in period
t=t(i), follows the formula:

t(i)+v;
a b'F (w)
t=t(i)

We measure risk by computing the NPV’s volatility.
The nature of this variability arises from the cash flows
forecast. Let s%; be the NPV variance for the project i
starting in year t. Let cov(NPVig;),NPVy,) be the covari-
ance between the NPV for the project i starting in t(i) and
the NPV for the project j starting in t(j). The variance for
the portfolio’s return can be expressed as follows:

NPVit(i) =

s?= E[(NI5V E gNPV )2]
= - EENFVH
i T LT NPCEY
=EJI[(3% é.NPVityit' Egéé NPVnYnldgy
Teii P t=0 €il P t=0 Ug b
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T T
= é. é. é. é. yit(i)yjt(j)cov( NPV, NPVjt(j)) 2)
il P jl Pt(i)=0t(j)=0

Note that the terms in the form of cov(NPV;;),NPVjy;)
for i=]j and t(i)* t(j) are equal to zero due to the fact that a
project is started only once during the planning horizon.
The variance for the NPV of project i given that it startsin
period t(j) can be expressed as follows:

g 6
S =Varg é b'F, (w)=+
et=t() 2

An approximation of this expression (and the covari-
ance) can be tackled via Monte Carlo simulation using
forecasts. Let H be the forecast horizon for the variables
affecting the cash flows. Let f; be the forecast value for pe-
riod ti {0,1,....H} for a given variable and s*(f) its vari-
ance. The proposed model does not strictly requires an
specific distribution for the forecasts, but for reasons ex-
plained in Section 4.1, we could assume that the forecast
value is normally distributed with parameters (f,s%). In
general, a Monte simulation experiment can be conducted
to estimate the average NPV, , its variance (s%,) and co-
variance (CovV(NPVig,NPVjg)).

3 MODEL

Let P be the set of projects to be selected and sequenced.
Let A be the set of precedence relations between projects,
that is, if project il P precedes project ji P, then (i,j)I A.
Let u; be the length or lifespan of negative cash flows
measured in periods of time (months, years), that is, the
number of periods between the first and last investment

costs. Let t be the earliest starting date for project i,
meaning the earliest period in which the project can be
started. Let t° be the latest starting date for project |,
meaning the tardiest period in which the project can be
started. Therefore, t7 £t° must be guaranteed. Let N, and

Ny be the minimum and maximum number of projectsto be
carried out, respectively. Let g; be the gap allowed be-
tween precedence relations, meaning that if project i pre-
cedes project j, g; indicates the number of periods of sepa-
ration or overlap between them. For example, if the
overlap of investment periodsis allowed between projects i
and j, then g;=-1. In case, a strict precedence is required
(no overlap or separation), then g;=0. Let r’ be the amount
of available resources for investment (i.e., budget) for year
t, tl {0,1,...,T}. Let cy be the investment cost (negative
cash flow) for project i in period k, ki {0,1,...,u-1}. On the
other hand, let by, be the expected financial income (posi-
tive cash flow) generated by project i in period t.

Let usrecall that vy, is the binary decision variable that
takes the value of 1 if project i starts on year t

(t=t ,...min{ t", T-u+1}); it takes the value of O, other-
wise. Let X be the binary decision variable that takes the
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value of 1 if for project i, the period k (k=0,...v-1) is as-
signed to year t in the planning horizon; (t=t; ,...,min{ t" +
vi-1, T}); it takes the value of 0O, otherwise. Let r; be the
amount of investment resources not used at the end of pe-
riod t, and carried over as budget for the next period t+1.
Finaly, let zjyy be abinary variable with value of 1 if
the projects i and j begin in periods t(i) and t(j), respec-
tively; it takes value of O, otherwise.

The two objective functions are shown in equations 2
and 3.

o min{t,*(,;l’- U +1}
maxa a NPV, 2
itP t=t
o o min{tbe- u +1 min{ti*,g- u; +1
mnga a A Gy SOVINPY ), NPV )
iiPijipP t(i)=t t(j)=t;
3

Equation (2) is the criterion that maximizes the portfo-
lio's NPV or sum of net present values of the chosen pro-
jects, whereas equation (3) minimizes the portfolio’'s NPV
variability.

The first set of constraints tells the model that every
project may or may not be selected. It indicates that only
some of the projects will be part of the optimal portfolio.
Thisis expressed in Equation 4.

min{t‘*é;l'- u +1
a (4)
t=t;

The number of projects in the portfolio can be con-
trolled imposing lower and upper bounds K, and K,, re-
spectively (see Equation 5).

o min{tbe-ui +1}
NEA A )
ilpP t=t

As shown in Equation 6, it is necessary to activate the
corresponding periods of investment and income genera-
tion, once a project starts on a given period. Equation 7
guarantees that every period of investment is assigned (to a
given year in the planning horizon) at most once for each
project.

Ve EX v 1 Kk=0,,v -1 t=t7,...min{t",T-u +1 (6)
min{tf(;vi -1,T}
a ()

t=t;

Equation 8 shows how the precedence relations are
modeled. Equation 9 explicitly forbids starting projects
when it is not possible for them to be carried out according
to the precedence relations. From a computational point of
view, this variable fixing could be achieved efficiently us-
ing preprocessing and not explicit constraints as shown in
Equation 9.

t-u-g;

Ye£ & Yo (DT At-u-0g/30t=t,.t] (8

t'=t;

Y. =0; (i, ))T At-u-g; <0 t=t, ..t

y, £ il P

Yo EN,

%, £1 ;i1 P,k=0,.,v -1

9
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Equation 10 shows the budget constraint. This con-
straint includes the resources coming from the previous pe-
riod and the financial income generated by the projects
previously carried out.

u-1 vi-1
rt+1:rt+rt0' é écuk)ﬂkt"'é é B X t=0,.,T (10)
it P k=0 il P k=y,

Finally, the family of constraints in Equation 11 shows
the existing relation between variables y's and Z's, alow-
ing a linearization of the non-linear risk measure shown in
Equation 1.

Yeor ¥ Vi * 2Ziany
Yiir ¥ Yieir £ Fieeny T1
i,jT P, t(h)=t,,..min{t’, T-u, +3 forh=i,]
The biobjective mixed-integer problem described by
Equations 2 through 11, can be solved in two phases. In the
first phase, one of the criteria is maximized or minimized
(depending if it is Equation 2 or 3), subject to al con-
straints (Equations 4 through 11). In the second phase, the

second criterion is optimized including an additional re-
striction that avoids the deterioration of the first objective,
guaranteeing Pareto optimality (Steuer, 1986). Let NPV"
and S* be the optimal values for each criterion obtained
in the first phase. Equations 12 and 13 show the constraints
used in the second phase, depending on the objective se-
lected in the first phase. Note that just one and only one
will be used in the second phase.

(11)

o min(tbe-u, +1} -,
a a NPVy, 3 NPV (12)
iip t=t;
o o min(xbe-u, +1) min{t;‘g-ujﬂ} »
aa A  Zun VNPV, NPV;)) £
PP )= )=t
(13)

4 COMPUTATIONAL EXPERIMENTS

4.1 A Ten-project Example

Consider a company with 10 project investment options.
The company wishes to carry out its investment plan for
the next 13 years starting in 2004. Figure 1 shows the fore-
cast for the income (cash) flows and their associated confi-
dence interval (dotted lines). For instance, if the time se-
ries methodology is used for forecasting, it is possible to
model the increasing uncertainty of distant periods. We as-
sume that the forecasts are normally distributed to use the
NPV variance as a measure of risk. For a thorough discus-
sion about measures of risk the reader is referred to Szégo,
2004.
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Figure 1. Forecasts (with a 95% confidence interval) of
the income (cash) flows for each project

Let us assume, that the company has certainty of the
investment costs for each project. This negative cash flows
are shown in Table 1. With these investment costs and
forecasted (positive) cash flows it is possible to obtain, via
Monte Carlo simulation, the average NPV, its variance
(s?) and the covariance matrix (cov(NPVii),NPVjg)).
The discount rate used in this exampleis 14%.

Figure 2 shows the available investment budget during
the planning horizon. For the first few years, the company
shows an high budget that tends to stabilize by 2006. A
shock that reduces the budget is foreseeable at the year
2013.

Table 2 shows the early (t; ) and tardy (t") starting
dates, investment lengths (u;), lifespans (v), and prece-
dence gaps (g;) for the set of 10 projects. These exogenous
restrictions originate from previous planning exercises,
market knowledge, technical needs or political rules. The
company requires to undertake al of its projects
(Ni=N,=10).
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Tablel: Investment Costs

Project Periods of Investment
0 1 2
pl 246 0 0
p2 532 0 0
p3 182 0 0
p4 285 285 0
p5 185 185 185
p6 1000 0 0
p7 645 | 445 0
p8 33 33 33
p9 186 186 0
p10 850 0 0
1600 -
1400 -
1200 -
£ 1000 -
% 800 -
8 600 -
400 +
200 -
0 < ‘ [Te} © ~ fos] ‘ D ‘ o — o (2] ‘ < ‘ n ‘ ©o
Figure 2: Investment Budget
Table 2: Time windows, investment length, project life-
span and precedences
Project | u | Vv t; t 0
pl 1| 11 | 2004 | 2016 | -
p2 1| 12 | 2004 | 2016 | -
p3 1] 4 | 2004 | 2016 | -
p4 2 | 10 | 2004 | 2010 | gg4=0
p5 3 | 12 | 2005 | 2005 | -
p6 1| 10 | 2007 | 2014 | -
p7 2 8 | 2004 | 2007 | -
p8 3 9 | 2004 | 2004 | -
p9 2 | 10 | 2004 | 2007 | 9910=0
pl10 1 6 | 2004 | 2007 | -
4.2 Results

Figures 3a and 3b show the results obtained for the optimal
sequencing. We show in gray only the periods with in-
vestments. Note the compliance to the precedence rela-
tions. Figure 3a shows the results for the case when the
maximization of the portfolio’s NPV is used as the crite-
rion for the first phase. Figure 3b shows the results when
the minimization of variance is used in the first phase. The
portfolio’'s NPV as well as its variance are shown for each
case (see lower right of each figure).
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Figure 3: Optimal sequencing — (a) Maximizing NPV in
the first phase (b) Minimizing variance in the first phase

These results suggest that the company should choose
the project sequencing that balances the existing tradeoff
between risk and profitability. Figure 4 shows the set of
optimal portfolios generated through an iterative proce-
dure. This procedure is divided into two parts. First, the
portfolio’s variance is minimized subject to a fixed NPV
value (NPV" = NPV° in equation 12). Second, the portfo-
lio's NPV is maximized subject to the variance obtained in
the previous step. This two-step procedure is repeated for
each value of the discretized NPV's domain. This iterative
process, over non-decreasing values of the project portfolio

NPV", ultimately produces the efficient frontier shown in
Figure 4. Note that the second step of this process assures
that the points obtained are indeed Pareto optimal. To as-
sure that a good sample of the efficient frontier is obtained,
the same process is carried out starting with the NPV
maximization subject to fixed variance values. By discre-
tizing the variance domain and iterating over it, it is possi-
ble to unveil some new points of the efficient frontier.
Abrupt changes may be due to the nature of the problem
itself; small changes in the NPV’s target may generate a
radical change in the project sequencing.

When incorporating the company’s indifference curve,
we obtain that the best portfolio is tangent to the highest
indifference curve (point A). Figure 4 shows the efficient
frontier formed by a discrete set of black diamonds and
dots (extreme efficient points). Furthermore, the continu-
ous line shows the hypothetical indifference curve for the
company.

300.00 q

25000 4

200.00 4 ?

>
2% 150.00 4 A

? 58341, 254.54

100.00 4
31513, 11263

50.00 4

0.00 T T T T T T T |
25000 30000 35000 40000 45000 50000 55000 60000 65000

=2
[z

Figure 4: Optimal portfolios and the company’s indiffer-
ence curve
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4.3 Sensitivity Analysis

Suppose that the tardy starting dates for al the projects
(t"=T, i1 P) are relaxed. Figures 5a and 5b show the re-

sults for this scenario. Considering the NPV as a criterion
for the first phase, we observe that project p7 is pushed
away from its initial starting date, causing an increment of
22% in the portfolio’s NPV and a reduction of 58% in the
portfolio's variance. Taking into account the minimization
of the variance in the first phase, we observe that 4 projects
are postponed, increasing the portfolio’s NPV by 61% and
decreasing the risk by 33%. This case shows that if the re-
strictions imposed on the tardy starting dates are not real or
respond to subjective criteria (perhaps political), it is not
possible to efficiently allocate the investment resources,
resulting in states susceptible of improvement and prevent-
ing the company or the society as a whole from accessing
better returns or lower uncertainty.

2004 2005 2006 2007 2008 2009 2010 2004 2005 2006 2007 2008 2009 2010 2011

pl ] Pt VPN 182.36
2 [ 2 = 32 21082
w3 == v (T

m  E— w  E—

s /| » /|

e [ w [

o7 | — | I—

)] — ) |

) — VBN 31285 59 /=

p10 = 62: 24442 p10 [

(a) (b)
Figure 5: Late starting date relaxation scenario — (a) NPV
in the first phase (b) Variance in the first phase.

Now assume that the company wishes to program a
variable number of projects, allowing the selection of the
number of projects between N, = 0 and N, = 10. Also as-
sume that we allow the overlap of investment periods be-
tween projects p9 and p10, that is, gg10 = -1. The remain-
ing parameters are not atered (including the original
restrictions for the starting dates). Figure 6 shows the re-
sults for this new scenario. We observe that project p7 is
removed from the optimal bank of projects, resulting on
amost doubling the portfolio's NPV and an even more
significant risk reduction. The alowed overlap between
projects p9 and pl10 also contributes to the portfolio’s im-
provement. This shows that by arbitrarily fixing a project,
we may cause the resource alocation to be inefficient by
undertaking risky projects that do not generate added
value.

2004 2005 2006 2007 2008 2008 2010

p1

p3

pt —
s /|

o [

p7
p8
p8 VBN 506.82
p10 | G2: 10238

Figure 6: Optimal sequencing after relaxing the limits on
the number of projects
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The model uses the concept of endogenous resources
represented by the projects’ positive cash flows and by car-
rying over into the next period the resources that were not
used in the previous period. Note that the optimal sequenc-
ing shown in Figures 3a and 3b is feasible due in part by
considering the initial budget of the company (r°% ) along
with the endogenous resources. Figure 7 emphasizes the
fact that the proposed sequencing is not feasible with just
theinitial allocated budget.

2500 4
2000 4
1500 4§

1000 +

500 +

2004 2005 2006 2007 2008

Investment

—a— initial Budget
—B— Initial Budget + Financial Income

—aA— Initial Budget + Financial Income + Cumulative

Figure 7. Budget and investment
5 CONCLUDING REMARKS

The proposed model can become part of a larger decision
support tool for companies interested in selecting and
scheduling a set of projects while simultaneously maximiz-
ing return and minimizing risk. The model is especially
important for public companies who have the responsibil-
ity of efficiently allocating resources to obtain the best
possible results for the society as awhole.

The model provides valuable information for a com-
pany with limited resources or with difficulties obtaining
credit. The proposed model is able to program future fi-
nancial requirements and uses endogenous cash generation
intelligently. It is also possible to model legal, technical or
business restrictions faced by most companies. A sample
of these restrictions are early and tardy project starting
dates, precedence relations among projects, and lower and
upper bounds on the number of projectsin the bank of pro-
jects.

The proposed mixed-integer program provides a lin-
earized approach to a problem that originally is quadratic
(see Equation 1). Our preliminary experiments show that
the model scales well computationally, thus allowing us to
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include a great number of projects, business constraints,
and interrelations that would have otherwise been difficult
to include.

The model deals with projects that have not been pre-
viously carried out. We have outlined a methodology that
uses forecasts of underlying variables linked to the pro-
jects’ cash flows. To generate the cash flows, we propose
the use of Monte Carlo simulation, making the calculation
of the portfolio’s variance and NPV possible.

The model carries out an intertemporal risk diversifi-
cation by including the covariance between the projects
returns given their respective starting years. Thus, the
model does not only accounts for a negative correlation be-
tween returns referring to the same time period, but also
through the variation of the project’s starting dates. A
negative covariance reduces the portfolio’s volatility,
scheduling projects in a time period where the covariance
is as negative as possible.

This model also shows that arbitrary decisions con-
cerning projects may provide non-desirable solutions. For
companies in the public sector, the selection and sequenc-
ing of investment projects is subject to external pressures
that can influence the selection of sub-optimal portfolios
that do not guarantee the best allocation of resources. Us-
ing the proposed model, a company can quantify the sacri-
ficed profits and the additional risk caused by arbitrary
(perhaps political) decisions.

Finally, this model contributes to the promotion of a
planning culture inside the companies, especially those in
the public sector, by using technical criteria that will allow
them to reach the best possible allocations for the company
and the society as awhole.
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